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RELAXED HIGHEST-WEIGHT MODULES III: CHARACTER
FORMULAE
KAZUYA KAWASETSU
Abstract. This is the third of a series of articles devoted to the study of
relaxed highest weight modules over vertex operator algebras. Relaxed
highest weight modules over affine vertex algebras associated to higher
rank Lie algebras Aℓ are extensively studied. In particular, the string
functions of simple relaxed highest weight modules whose top spaces are
simple cuspidal Aℓ-modules are shown to be the quotients by a power of
the Dedekind eta series of the q-characters of simple ordinary modules
over affineW-algebras associated with the minimal nilpotent elements of
Aℓ .
1. Introduction
Relaxed highest weight modules are generalisation of highest weight mod-
ules and are believed to be building blocks of many logarithmic conformal
field theory (CFT). In particular, they are essential in the study of so-called
standard Verlinde formulas for logarithmic CFT launched in [CR1].
The relaxed highest weight modules over “rank 1” vertex algebras have
been extensively studied in bothmathematics andphysics litertures,e.g. [Ada19,
AM,CKLR,CR2,FST,G,KR1,MO,RW2]. (Recall that vertex algebras are
chiral algebras ofCFTs.) Moreover,many fusion rules for bosonic ghostCFT
predicted by the standard Verlinde formula and Nahm-Gaberdiel-Kausch al-
gorithm in [RW1] were proved in [AP].
Now investigation of relaxed highest weight modules over higher rank ver-
tex algebras is desired towards establishing theory of higher rank logarithmic
CFT.
Let Vk(g¯) be the universal affine vertex algebra of non-critical level k
associated to the finite-dimensional simple Lie algebra g¯ of rank ℓ with
the Cartan subalgebra h¯ of g¯. Recall that modules over Vk(g¯) are smooth
modules of level k over the affine Kac-Moody algebra g associated to g¯.
Let h be the Cartan subalgebra of g associated to h¯ and M a weight Vk(g¯)-
module, a modulewhich is semisimple over hwith finite-dimensional weight
spaces. A relaxed highest weight vector is a weight vector v ∈ M such that
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(g¯[t]t).v = 0. If M is generated by a relaxed highest weight vector, M is
called a relaxed highest weight module [FST,RW2].
Let Lk(g¯) be the simple quotient of Vk(g¯). In the second of this series
[KR2], classification of simple relaxed highest weight modules over Lk(g¯) of
arbitrary rank is established subject to that of simple highestweightmodules.
Note that for admissible levels, simple highest weight modules over Lk(g¯)
are classified in [Ara16]. (See also [AFL] for a study of positive energy
modules including relaxed highest weight modules when g¯ = A2 and k is
admissible.) However, the characters of such modules are not known except
for a few cases (see [Ada16] and [KRW] for g¯ = A2 and k = −3/2).
In this paper, we study characters of relaxed highest weight modules over
affine vertex algebras associated to g¯ = Aℓ for all ℓ ≥ 1.
Let us explain our results briefly. We say that a relaxed highest weight
module over Vk(g¯) has a cuspidal top space if its top space is a cuspidal
module over g¯. A cuspidal module over g¯ is by definition a weight g¯-
module not parabolically induced from a module over some Levi subalgebra
l¯ ( g¯. The simple cuspidal modules are completely classified in [M] and
are fundamental in the classification of all weight modules over g¯ [Fer,M].
Note that by the result of [Fer], simple cuspidal modules exist (if and) only
if g¯ = Aℓ or Cℓ . For simplicity, we only consider relaxed highest weight
modules with cuspidal top spaces in this paper.
Let g¯ be a finite-dimensional simple Lie algebra of type Aℓ with fixed
Cartan and Borel subalgebras h¯ ⊂ b¯ ⊂ g¯. Let Q¯ and P¯+ be the root lattice
and set of dominant integral weights of g¯ with simple roots α1, . . .αℓ and
fundamental weights ω1 . . . ,ωℓ, as usual. We denote by L¯λ the simple
highest weight g¯-module of highest weight λ ∈ h¯∗. Identifying h¯∗ ≃ h¯, the
semisimple element x = ωℓ of g¯ induces the grading
g¯ = g¯−1 ⊕ g¯0 ⊕ g¯1, g¯n := {v ∈ g¯ | [x,v] = nv}
on g¯.
LetOk be the BGG category of Vk(g¯) and O0k the parabolic BGG category
of Vk(g¯), the full subcategory of Ok of all objects integrable with respect to
g¯0. The simple objects of O
0
k
are the simple highest weight Vk(g¯)-modules
LΛ of highest weights Λ ∈ P0,+k , where P
0,+
k
is the set of all elements of h∗
of level k which are integrable with respect to g¯0. Let Λ¯ denote the usual
projection of Λ ∈ h∗ onto h¯∗.
3The main results of this paper lie in certain connections between sim-
ple relaxed highest weight modules with cuspidal top spaces and ordinary
modules over the universal minimal W-algebraW k(g¯, fαℓ ).
RecallMathieu’s twisted localisation functorΦµ+Q¯(·). It sends all infinite-
dimensional highest weight modules over g¯, integrable with respect to g¯0, to
cuspidal g¯-modules of weight support µ + Q¯ and finite-dimensional modules
to zero. We shall apply the functor to modules in category O0
k
over Vk(g¯).
Let λ be an element of h¯∗ which is not dominant integral but integrable with
respect to g¯0. Recall the set Sing(λ) of all µ + Q¯ ∈ h¯∗/Q¯ such that Φµ+Q¯(L¯λ)
is not simple. Sing(λ) is completely determined in [M] and it is a union of
ℓ + 1 distinct codimension one cosets of h¯∗/Q¯.
Let us also recall the BRST “−” reduction functor HBRST
0
(·) from the cat-
egory O0
k
to the category of ordinary modules overW k(g¯, fαℓ ). By [Ara11],
the collection of HBRST
0
(LΛ) with Λ ∈ P0,+k such that Λ¯ < P¯+ is the com-
plete list of simple ordinary modules over W k(g¯, fαℓ ). If Λ ∈ P0,+k with
Λ¯ ∈ P¯+, then HBRST
0
(LΛ) = 0. The main theorem of the present paper is the
following.
Theorem 1. (a) The list of allΦµ+Q¯(LΛ)with (1)Λ ∈ P0,+k such that Λ¯ < P¯+
and (2) µ + Q¯ ∈ (h¯∗/Q¯) \ Sing(Λ¯), is the complete list of simple relaxed
highest weight modules with cuspidal top spaces over Vk(g¯). IfΛ ∈ P0,+k
with Λ¯ ∈ P¯+, then Φµ+Q¯(LΛ) = 0 for all µ ∈ h¯∗.
(b) For any Λ ∈ P0,+
k
and µ ∈ h¯∗, we have the formula
ch[Φµ+Q¯(LΛ)](y,q, z) = yk
ch[HBRST
0
(LΛ)](q)
η(q)2ℓ
∑
β∈Q¯
zµ+β
of the full character of Φµ+Q¯(LΛ) using the q-character of HBRST0 (LΛ).
Note that by the cohomology vanishing, ch[HBRST
0
(LΛ)](q) is expressed
in terms of Kazhdan-Lusztig polynomials [Ara11]. We also note that the
second statement of Theorem 1 is non-trivial in the sense that the BRST
“−” reduction of Φµ+Q¯(LΛ) is zero if the rank ℓ of g¯ is greater than 1 and
µ + Q¯ ∈ (h¯∗/Q¯) \ Sing(Λ¯).
On the other hand, the appearance of the minimal W-algebra is natural
since the associated variety of the annihilator of a simple cuspidal represen-
tation is the minimal nilpotent orbit closure [M].
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When g¯ = A1 and Λ is an admissible weight, the character formula
above reduces to the Creutzig-Ridout character formula [CR2] (see also
[KR1,Sat]).
To prove the theorem, recall that the characters of simple modules in
O0
k
are expressed in terms of parabolic Verma modules (and the so-called
parabolic Kazhdan-Lusztig polynomials). We apply the exact functors to the
formula and derive character formulas of relaxed highest weight modules
with cuspidal top spaces over Vk(g¯) (Theorem 13) and simple ordinary
modules overW k(g¯, fαℓ ) (7.3).
When g¯ = A2 and k is an admissible level with denominator 2, the simple
W-algebraWk (g¯, fαℓ ) is rational [Ara13] and called a Bershadsky-Polyakov
vertex algebra. (Besides g¯ = A1, they are the only rational minimal W-
algebras of admissible levels [Ara15, KW08]. ) In this case, we show
a similar correspondence of simple relaxed highest weight modules with
cuspidal top spaces over Lk(g¯) and simple ordinary modules over the simple
W-algebra Wk (g¯, fαℓ ) (see Theorem 18). As a result, we have a modular
invariance property of string functions of simple relaxed highest weight
modules with cuspidal top spaces over Lk(g¯) as follows. For a relaxed
highest weight module R with cuspidal top spaces, let us denote by s[R](q)
the unique non-zero string function of R (see Section 6.3 for the definition
of string functions).
Theorem 2. Let g¯ be of typeA2 and k an admissible level with denominator
2. Then for any simple relaxed highest weight module R with cuspidal top
spaces over Lk(g¯), the series s[R](q) converges to a holomorphic function
on the complex upper-half plane with q = e2π
√
−1τ , τ ∈ . Moreover, the
vector space spanned by the holomorphic functions
η(q)4s[R](q) (q = e2π
√
−1τ , τ ∈ )
for all simple relaxed highest weight modules R with cuspidal top spaces
over Lk(g¯) is finite-dimensional and invariant under the slash action |0 of
SL2():
(f |0γ )(τ ) = f
(aτ + b
cτ + d
)
, γ =
(
a b
c d
)
∈ SL2().
A similarmodular invariance of string functions of simple relaxed highest
weight modules with cuspidal top spaces over Lk(A1) of admissible levels is
crucial for Creutzig-Ridout modular invariance of full characters in [CR2],
5yet it is not fully formulated mathematically rigorously. In [KRW], the
modular invariance of full characters for L−3/2(A2) is examined and fusion
rules predicted from the standard Verlinde formula are observed to be non-
negative. We hope to come back to this point in the future works as well
as relaxed highest weight modules whose top space is parabolically induced
from cuspidal modules.
The paper is organised as follows. In Section 2, we recall definitions
of vertex algebras and their modules. Then, in Section 3, we define affine
vertex algebras and in Section 4, we recall a character formula of simple
highest weight modules in O0
k
in terms of parabolic Verma modules, which
is crucial for our proof. The theory of cuspidal modules over Aℓ is recalled
in Section 5. Section 6 is devoted to relaxed highest weight modules with
cuspidal top spaces and a character formula of such modules in terms of
relaxed Verma modules. In particular, in Section 6.2, we show (a) in
Theorem 1. In Section 7, we recall representation theory of the minimal
W-algebraW k(g¯, fαℓ ) and show a character formula for ordinary modules by
using one in Section 4. The assertions (b) and (c) in Theorem 1 are shown
in Section 7.3 and Section 7.4. Finally, in Section 8, we prove Theorem 2.
Some technical assertions for twisted localisation are shown in Appendix A.
Acknowledgment. The author would like to thank TomoyukiArakawa, Shu
Kato, Olivier Mathieu, Arun Ram and David Ridout for helpful discussions
and advice. This work is partially supported by MEXT Japan “Leading Ini-
tiative for Excellent Young Researchers (LEADER)”, JSPS Kakenhi Grant
numbers 19KK0065 and 19J01093 and Australian Research Council Dis-
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2. Vertex algebras
2.1. Vertex algebras. Let V be a vector space. We set
V [[z, z−1]] =
{∑
n∈
vnz
n |vn ∈ V
}
, V [[z]] =
{ ∞∑
n=0
vnz
n |vn ∈ V
}
,
where z is an indeterminate. A power series a(z) ∈ End(V )[[z, z−1]] is
called a field if for any b ∈ V , there is N ∈  such that a(z)b ∈ V [[z]]zN .
A vertex algebra is a vector spaceV equipped with a vector 1 ∈ V , called
the vaccum vector, a linear map ∂ : V → V (the translation operator) and
fields Y (a, z) ∈ End(V )[[z, z−1]] (a ∈ V ), satisfying the following axioms:
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• Y (1, z) = idV , Y (a, z)1 ∈ a +V [[z]]z (a ∈ V ), ∂1 = 0,
• [∂,Y (a, z)] = ∂zY (a, z),
• (locality) for anya,b ∈ V , there isN > 0 such that (z−w)NY (a, z)Y (b,w) =
0.
Let V be a vertex algebra. For a ∈ V , we write Y (a, z) = ∑n∈ a(n)z−n−1
with a(n) ∈ End(V ). A hamiltonian of a vertex algebraV is a diagonalizable
linear operator H : V → V such that
[H ,Y (a, z)] = Y (Ha, z) + z∂zY (a, z), a ∈ V .
Let V be a vertex algebra with hamiltonian H and suppose that H-
eigenvalues are non-negative integers. Let ω be an element of V . The
pair (V ,ω) is called a vertex operator algebra (VOA) of central charge c ∈ 
if
• For any n,m ∈ ,
[Ln, Lm] = (n −m)Ln+m + n
3 − n
12
δn,−mc .
Here, we write Y (ω, z) = ∑n∈ Lnz−n−2.
• L−1 = ∂ and L0 = H .
• V0 = |0〉 and ω ∈ V2.
The element ω is called the conformal vector of a VOA (V ,ω).
2.2. Modules over vertex algebras. Let V be a vertex algebra with hamil-
tonian H . A module over V is a vector space M equipped with fields
YM(a, z) ∈ End(M)[[z, z−1]] for all a ∈ V such that
• YM(1, z) = idM ,
• YM(a, z) ∈ End(M)[[z, z−1]], a ∈ V ,
• (Borcherds identity) For any a,b ∈ V andm,n, r ∈ , we have
∞∑
i=0
(
m
i
)
(a(r + i)b)M (m + n − i)
=
∞∑
i=0
(−1)i
(
r
i
) (
aM (m + r − i)bM (n + i) − (−1)rbM (n + r − i)aM (m + i)
)
.
Here, for a ∈ V , the operators aM (n) are defined by
YM (a, z) =
∑
n∈ 1
2

aM (n)z−n−1.
7A module M is called graded if M is equipped with a diagonalisable
operator HM onM, called a hamiltonian, which satisfies
[HM ,YM(a, z)] = YM(Ha, z) + z∂zYM (a, z) a ∈ V .
A graded module M decomposes into the sum M =
⊕
d∈Md with Md =
{v ∈ M |HMv = dv} for all d ∈ . The HM -eigenvalues are called confor-
mal weights.
If V is a VOA and M is a graded module, then all hamiltonians on M are
{LM
0
+d | d ∈ }. Here, LM
0
is the zeromode ofω: YM(ω, z) = ∑n∈ LMn z−n−2.
A gradedmoduleM is called positive energy if there is a finite subsetS ⊂ 
such that HM -eigenvalues belong to S + ≥0. Let M be a positive energy
module. Then we have a finite S ⊂  such that (1) M = ⊕h∈S,n≥0Mh+n,
(2) Mh , 0 for all h ∈ S and (3) there are no integral differences between
elements of S . The top spaceMtop ofM is then defined by
Mtop =
⊕
h∈S
Mh .
Note that ifM is simple, then S is a singleton.
A positive energy module M is called ordinary if dimMd < ∞ for any
d ∈ .
Let V be a VOA of central charge c. Let M be an ordinary module with
hamiltonian HM onM. The q-character ofM is the series
ch[M](q) =
∑
n∈
(dimMn)qn−c/24.
2.3. Zhu algebras. Let V be a vertex operator algebra. Let U(V ) denote
the universal enveloping algebra of V as in [MNT]. We write U(V )0 and
U(V )< the subalgebras of U(V ) which consist of elements which preserve
conformal weights and which lower conformal weights, respectively. The
Zhu algebra of V is the associative algebra
Zhu[V ] = U(V )0/U(V )0 ∩ U(V )U(V )<.
LetM be a positive energyV -module. Then the top spaceMtop is a Zhu[V ]-
module, which is denoted by Zhu[M].
Lemma 3 ([Z]). The assignment M 7→ Zhu[M] defines a one-to-one cor-
respondence between the simple positive energy V -modules and simple
Zhu[V ]-modules.
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3. Setting
3.1. Graded Lie algebras. Let g¯ = Aℓ be a finite-dimensional simple Lie
algebra of type Aℓ with fixed Cartan and Borel subalgebras h¯ ⊂ b¯ ⊂ g¯.
The simple roots of the root system ∆¯ of h¯∗ are α1,α2, . . . ,αℓ and the
corresponding fundamental weights are ω1,ω2, . . . ,ωℓ. The set of positive
roots is ∆¯+. We denote the root lattice, weight lattice and the set of dominant
integral weights of h¯∗ by Q¯, P¯ and P¯+, respectively. We fix root vectors eβ , fβ
of roots β,−β for all β ∈ ∆¯. The semisimple element x = ωℓ of g¯ induces
the grading
g¯ = g¯−1 ⊕ g¯0 ⊕ g¯1, g¯n := {v ∈ g¯ | [x,v] = nv} (3.1)
on g¯. Setting ∆¯n := {β ∈ ∆¯ | [αn, β] = n}, we have
g¯−1 = span{ fβ | β ∈ ∆¯1}, g¯0 = Aℓ−1 ⊕ αℓ, g¯1 = span{eβ | β ∈ ∆¯1},
where Aℓ−1 ⊂ Aℓ is generated by eαi ,αi , fαi , 1 ≤ i ≤ ℓ − 1. Note that
∆¯1 = {β1, β2, . . . , βℓ}, βi =
ℓ∑
j=i
αj (1 ≤ i ≤ ℓ). (3.2)
The Lie subalgebra g¯≥0 :=
⊕
n≥0 g¯n is a parabolic subalgebra of g¯ with the
associated Levi subalgebra g¯0.
Let O¯0 be the parabolic BGG category with respect to the grading (3.1):
the full subcategory of the BGG category O¯ whose objects are direct sums
of finite-dimensional g¯0-modules. The simple modules in category O¯
0
are precisely the irreducible highest weight modules L¯λ of highest weight
λ ∈ P¯0,+, where
P¯
0,+ := {λ ∈ h¯∗ | 〈λ, β∨〉 ∈ ≥0, for all β ∈ ∆¯0 ∩ ∆¯+}.
Since ∆¯0 = {α1, . . . ,αℓ−1}, we have
P¯
0,+
=
ℓ−1⊕
i=1
≥0ωi ⊕ ωℓ . (3.3)
Let λ be an element of P¯0,+. Let H¯λ denote the irreducible finite-
dimensional module over g¯0 of highest weight λ. Letting g¯1 acts trivially on
H¯λ, we define the parabolic Verma module of highest weight λ to be
V¯0λ = U(g¯) ⊗U(g¯≥0) H¯λ .
The V¯0
λ
is an object of O¯0.
93.2. AffineKac-Moodyalgebras. Letg be the untwisted affineKac-Moody
algebra of g¯:
g = g¯ ⊗ [t , t−1] ⊕ K ⊕ D
with the Cartan subalgebra h = h¯ ⊕ K ⊕ D and the Borel subalgebra
b = b¯[t]+ g¯[t]t +K +D. The root system of g is ∆ and the set of positive
roots is ∆+.
We write by VΛ andLΛ the Verma module and irreducible highest weight
module over g of highest weight Λ ∈ h∗, respectively.
As usual, we have simple rootsα0,α1, . . . ,αℓ ofg and fundamentalweights
areΛ0,Λ1, . . . ,Λℓ. The vector δ ∈ h∗ is dual toD. The space h¯∗ is embedded
in h∗ and we have the decomposition h∗ = h¯∗ ⊕Λ0 ⊕δ and the projection
h∗ → h¯∗, Λ 7→ Λ¯.
A weight module over g is a module on which h acts semisimply and such
that every weight spaces are finite-dimensional. We write M(Λ) = {v ∈
M | h(v) = Λ(h)v,h ∈ h} for Λ ∈ h∗ and a weight moduleM.
Let Λ be an element of h∗. If Λ(K) = k, then Λ is called of level k. We
write the space of elements of h∗ of level k by h∗
k
. A moduleM is called of
level k if K acts as the scalar multiple k onM.
Let Ok denote the BGG category of g at level k. The simple highest
weight module LΛ and Verma module VΛ of highest weight Λ ∈ h∗k are
modules in category Ok .
Let O0
k
denote the full subcategory of Ok of all objects which are direct
sums of finite-dimensional g¯0-modules. We set
P
0,+
k
= {Λ ∈ h∗k | Λ¯ ∈ P¯0,+}.
Let Λ be an element of P0,+
k
. Then Λ has the form Λ = λ + dδ + kΛ0 with
d ∈  and λ = Λ¯. The parabolic Verma module of highest weight Λ is the
induced module
V
0
Λ
= U(g) ⊗U(g¯≥0⊕g¯[t]t⊕K⊕D) H¯λ,
where g¯1 ⊕ g¯[t]t = 0, D = d and K = k on H¯λ. The simple quotient of V0Λ
is isomorphic to LΛ and we have V
0
Λ
= U(g) ⊗U (g¯[t]+K+D) V¯0λ.
3.3. Affine vertex algebras. Let k be a non-critical complex number and
k the one-dimensional representation of the Lie algebra g¯[t] ⊕ K ⊕ D
defined by g¯[t] = 0, K = k and D = 0 on k . The universal affine vertex
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algebra is a ≥0-graded vertex algebra on the generalised Verma module
Vk(g¯) = U(g) ⊗U(g¯[t]⊕K⊕D) k
with hamiltonian H = −D. The simple quotient vertex algebra is denoted
by Lk (g¯) and called the simple affine vertex algebra.
The Vk(g¯)-modules with hamiltonian are in one-to-one correspondence
with the smooth g-modules of level k on which D acts semisimply such that
the hamiltonian is −D. Here, a g-module M is called smooth if for any
v ∈ M and a ∈ g¯, there is N ∈  such that if n ≥ N then atn .v = 0. In
particular, modules in category Ok are Vk(g¯)-modules.
The Zhu algebra of Vk(g¯) is isomorphic to U(g¯) while that of Lk(g¯) is
isomorphic to U(g¯)/Ik with a two-sided ideal Ik of U(g¯). Let M be a simple
positive energy Vk(g¯)-module. Then M is a Lk(g¯)-module if and only if Ik
acts as zero on Zhu[M].
The affine vertex algebras are VOAs of central charge
c =
k dim g¯
k + h∨
. (3.4)
Here, h∨ = ℓ + 1 is the dual Coxeter number of g¯.
4. Characters of simple modules in O0
k
In this Section, we recall that the characters of simple modules in the
parabolic BGG category O0
k
of Vk(g¯) are expressed in terms of parabolic
Verma modules describing a linkage principle of the character formula.
4.1. Character formulas in terms of Verma modules. Let W denote the
Weyl group of g. TheWeyl vector ρ ∈ h∗ is the sum of fundamental weights
of g. The dot action of W is
w ◦ Λ = w(Λ + ρ) − ρ, w ∈ W,Λ ∈ h∗.
Let k , −h∨ be a non-critical complex number. Let [M] denote the image
ofM ∈ Ok in the Grothendieck group (characters) [Ok ] of Ok .
Let Λ be an element of h∗
k
. Let ∆(Λ) be the integral root system and
∆
+(Λ) = ∆(Λ) ∩ ∆+. The integral Weyl group for Λ is denoted by W(Λ).
The Bruhat order on W(Λ) is written by ≥Λ. Let C(Λ) be the subgroup of
W(Λ) generated by {sα | α ∈ ∆+, (α∨,Λ + ρ) = 0}.
11
Let h∗
k ,+
and h∗
k ,− denote the set of dominant and anti-dominant weights of
level k:
h∗k ,± := {Λ ∈ h∗k | ± (α∨,Λ + ρ) ∈ ≥0 for any α ∈ ∆+(Λ)},
where double sign corresponds.
Now the result of [KT] tells the following. Let Λ be an element of h∗
k
.
Then the set W(Λ) ◦ Λ contains an element Ω of h∗
k ,+
∪ h∗
k ,−. Moreover, for
anyw ∈ W(Ω) there is a unique x ∈ wC(Ω) such that its length with respect
to W(Ω) is the largest (resp., smallest) among the elements of wC(Ω). The
x is called the longest (resp., shortest) element of wC(Ω). If Ω ∈ h∗
k ,+
, then
for anyw ∈ W(Ω) which is the longest element ofwC(Ω), we have
[Lw◦Ω] =
∑
W(Ω)∋y≥Ωw
aΩy [Vy◦Ω], (4.1)
with integers aΩy (y ∈ W(Ω)). Similarly, if Ω ∈ h∗k ,−, then for anyw ∈ W(Ω)
which is the shortest element ofwC(Λ), we have
[Lw◦Ω] =
∑
W(Ω)∋y≤Ωw
aΩy [Vy◦Ω].
The numbers aΩy satisfy a
Ω
w = 1 and we can express them using the Kazhdan-
Lusztig polynomials.
4.2. Character formulas in terms of parabolic Verma modules. Let Λ
be an element of P0,+
k
. It is known that [LΛ] has the form
[LΛ] =
∑
Ω∈P0,+
k
cΛ,Ω[V0Ω], cΛ,Λ = 1, cΛ,Ω ∈ . (4.2)
Later on, we shall apply exact functors to (4.2) to have character formulas
in Theorem 13 and (7.3). In the rest of this section, we describe a linkage
principle of the formula so that we have well-defined sums in the right-hand
sides of (4.2), Theorem 13 and (7.3).
Remark. The number cΛ,Ω is known to be expressed in terms of parabolic
Kazhdan-Lusztig polynomials. See e.g. [Sor,Fie].
We have an element Ω ∈ h∗
k ,+
∪ h∗
k ,− such that Λ ∈ W(Ω) ◦ Ω. Suppose
Ω ∈ h∗
k ,+
and let w be an element of W(Ω) which is the longest among
wC(Ω) and satisfiesw ◦Ω = Λ. By inverting the Kazhdan-Lusztig formula,
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we have
[Vw◦Ω] =
∑
W(Ω)∋y≥Ωw
by[Ly◦Ω],
with non-negative integers by such that bw = 1. Since V
0
w◦Ω is integrable
with respect to g¯0 and is a quotient of Vw◦Ω , it follows
[V0w◦Ω] =
∑
W(Ω)∋y≥Ωw, y◦Ω∈P0,+k
cy[Ly◦Ω],
with non-negative integers cy such that cw = 1. By inverting the formula,
we have a linkage principle
[Lw◦Ω] =
∑
W(Ω)∋y≥Ωw, y◦Ω∈P0,+k
dy[V0y◦Ω], (4.3)
with dy ∈  such that dw = 1.
Recall that the Weyl group W is a semi-direct product of the finite Weyl
group W¯ of g¯ and the group T of translations tα : h
∗ → h∗ (α ∈ Q¯∨), defined
by
tα (ϒ) = ϒ + ϒ(K)α −
(
(ϒ |α) + 1
2
|α |2ϒ(K)
)
δ ϒ ∈ h∗.
Here, Q¯∨ is the coroot lattice of g¯. Let y be an element of W. Then y has
the form y = rtα with r ∈ W¯ and α ∈ Q¯∨. Since Ω is dominant, we see that
the minimal conformal weight of V0
y◦Ω, which is the number (y ◦ Ω)(−D),
tends to increase when |α | increases. Therefore, the sum in the right-hand
side of (4.3) is well-defined.
Suppose Ω ∈ h∗
k ,− and let w be an element of W(Ω) which is the shortest
among wC(Ω) and satisfies w ◦ Ω = Λ. Then in a similar way, we have a
linkage principle
[Lw◦Ω] =
∑
W(Ω)∋y≤Ωw, y◦Ω∈P0,+k
dy[V0y◦Ω],
which is a finite sum [KT, Lemma 2.3].
5. Cuspidal modules over Aℓ
5.1. The cuspidal modules. In this Subsection, we suppose that g¯ is an
arbitrary simple Lie algebra. A g¯-module M¯ is called a weight module if
M¯ =
⊕
λ∈h¯∗
M¯(λ), M¯(λ) := {v ∈ M¯ | hv = λ(h)v,h ∈ h¯},
and dim M¯(λ) < ∞ for each λ ∈ h¯∗.
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Let M¯ be a weight module. The weight support of M¯ is supp(M¯) = {λ ∈
h¯∗ | M¯(λ) , 0}. The dimension of M¯(λ) is called the weight multiplicity of
λ ∈ h¯∗. We call M¯ bounded if M¯ is infinite-dimensional and weight mul-
tiplicities are bounded above. Suppose that M¯ is bounded. The maximum
multiplicity is called the degree of M¯ and denoted by deg M¯.
A weight module M¯ is called dense if the support of M¯ has the form
supp(M¯) = λ+ Q¯ with λ ∈ h¯∗. The dense modules are cuspidal, in the sense
that they are weight modules not parabolically induced from modules over
Levi subalgebras l ( g¯.
The following theorem by Fernando shows that simple cuspidal modules
are simple dense modules.
Theorem 4 ([Fer]). (1) Any simple weight modules over g is isomorphic to
the simple quotient of the module U(g¯) ⊗U(p¯) (M¯) for some parabolic subal-
gebra p¯ of g¯ and simple dense weight module M¯ over the Levi subalgebra l¯
associated to p¯. (2) Simple cuspidal modules exist only when g¯ = Aℓ orCℓ .
5.2. Coherent families. The simple cuspidal modules are completely clas-
sified in [M] using coherent families of g¯.
Definition ([M]). A weight module C¯ over g¯ is a coherent family of g¯ if
(1) supp(C¯) = h¯∗,
(2) dim C¯(λ) = d for some d > 0 and all λ ∈ h¯∗,
(3) For any v ∈ U(g¯), the trace trC¯(µ)v is polynomial in µ ∈ h¯∗.
Let C¯ be a coherent family and set C¯λ+Q¯ =
⊕
µ∈λ+Q¯ C¯(µ) for λ+Q¯ ∈ h¯∗/Q¯.
The coherent family C¯ is called irreducible if there is µ ∈ h¯∗ such that C¯µ+Q¯
is an irreducible g¯-module. The C¯ is called semisimple if it is a direct sum
of simple g¯-modules.
Let C¯ be an irreducible semisimple coherent family of g¯. Let sing(C¯) be
the set of all µ + Q¯ ∈ h¯∗/Q¯ such that C¯µ+Q¯ is not a simple cuspidal module.
The sing(C¯) is completely determined in [M] and it is a union of ℓ+1 distinct
codimension one cosets of h¯∗/Q¯.
Proposition 5 ([M]). The list of C¯µ+Q¯ with all irreducible semisimple coher-
ent family C¯ of g¯ and µ + Q¯ ∈ (h¯∗/Q¯) \ sing(C¯) is the complete list of simple
cuspidal modules.
5.3. Mathieu’s twisted localisation. From now on, recall the settings in
Section 3. Let S be themultiplicative subset ofU(g¯) generated by fβ1 , . . . , fβℓ
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(recall (3.2)). Since S is commutative, we have (Ore’s) localisation S−1U(g¯)
of U(g¯) as in [M].
Let λ be an element of P¯0,+. We see that V¯0
λ
is a bounded module of
degree
deg V¯0λ = dim H¯λ (5.1)
since V¯0
λ
is freely generated by fβ1 , . . . , fβℓ from H¯λ. Therefore, if λ < P¯
+,
then L¯λ is bounded while if λ ∈ P¯+, it is finite-dimensional. The elements
of S act injectively on V¯0
λ
and if λ < P¯+, so do on L¯λ. In these cases, the
localisation S−1L¯λ and S−1V¯0λ are dense modules of weight support λ + Q¯
and they have the uniform weight multiplicity
dim(S−1L¯λ)(µ) = deg L¯λ and dim(S−1V¯0λ)(µ) = deg V¯0λ for all µ ∈ λ + Q¯.
If λ ∈ P¯+, then S−1L¯λ = 0.
Set M¯ = L¯λ, V¯
0
λ
. Let x = (x1, . . . ,xℓ) be an element of ℓ. As in [M],
we define the twist of S−1M¯ by f x := f x1
β1
f x2
β2
· · · f xℓ
βℓ
using exponentials.
Then the twist f x .S−1M¯ is again a dense module with supp(f x .S−1M¯) =
−µx + λ + Q¯, where µx = x1β1 + · · · + xℓβℓ. We write
Φ(M¯) =
⊕
x=(x1,...,xℓ)∈ℓ ,0≤Re(x1),...,Re(xℓ)<1
f x .S−1M¯.
The functor Φ is called (Mathieu’s) twisted localisation functor. If S−1M¯ is
non-zero, then Φ(M¯) is a coherent family of g¯ with the same degree as M¯.
The semisimplification of Φ(M¯) is denoted by Φs.s.(M¯).
Let µ + Q¯ be an element of h¯∗/Q¯. We have a g¯-submodule
Φµ+Q¯(M¯) :=
⊕
ν∈µ+Q¯
Φ(M¯)(ν)
of Φ(M¯). Here, Φ(M¯)(ν) is the weight space of weight ν of Φ(M¯). The
functor Φµ+Q¯ is also called a twisted localisation functor.
5.4. Classification of simple cuspidal modules using P¯0,+. Let us take
over the notations from the last Subsection.
Theorem 6. The modules Φs.s.(L¯λ) with λ ∈ P¯0,+ \ P¯+ are the complete list
of irreducible semisimple coherent families of g¯. If λ ∈ P¯+, then Φs.s.(L¯λ) is
zero.
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Proof. By classification of simple cuspidal modules [M, Theorem 8.6] and
[M, Lemma 8.3], we see that the modules Φs.s.(L¯λ) with λ ∈ P¯0,+ \ P¯+
exhaust all irreducible semisimple coherent families.
Let λ, µ be elements of P¯0,+ \ P¯+ such that Φs.s.(L¯λ) ≃ Φs.s.(L¯µ ). It
remains to show λ = µ. By [M, Theorem 8.6] again, we see that µ = sℓ ◦ λ.
Here, sℓ is the simple reflection associated to αℓ. The λ has the form
λ = k1ω1 + · · · + kℓωℓ with k1, . . . ,kℓ−1 ∈ ≥0 and kℓ ∈  \≥0. It follows
that µ = k1ω1 + · · · + kℓ−2ωℓ−2 + (kℓ−1 + kℓ + 1)ωℓ−1 + (−kℓ − 2)ωℓ. Since
µ ∈ P¯0,+ \ P¯+, we have kℓ = −1, which forces µ = λ. Thus, we have proved
the assertion.
Let λ be an element of P¯0,+ \ P¯+. We set Sing(λ) := sing(Φs.s.(L¯λ)).
Since any composition factor of Φ(L¯λ) which is a simple cuspidal module
is a direct summand of Φ(L¯λ), together with Proposition 5, we have the
following corollary.
Corollary 7. The collection of
Φµ+Q¯(L¯λ) (λ ∈ P¯0,+ \ P¯+, µ + Q¯ ∈ (h¯∗/Q¯) \ Sing(λ)),
is the complete set of simple cuspidal modules over g¯. Moreover, if λ ∈ P¯+,
then Φ(L¯λ) = 0.
6. Relaxed highest weight modules with cuspidal top spaces over
Vk(g¯)
6.1. Relaxed highest weight module. LetM be a weight Vk(g¯)-module. A
relaxed highest weight vector is a weight vectorv ∈ M such that (g¯[t]t).v =
0. IfM is generated by a relaxed highest weight vector,M is called a relaxed
highest weight module.
LetM be a relaxed highest weight module with a relaxed highest weight
vector v ∈ M. ThenM is a positive energy module and the top space Mtop
of M is U(g¯).v. The almost simple quotient of M is the quotient module
M/N of M by the sum N of all submodules of M which intersects Mtop
trivially. The M is called almost simple if it is an almost simple quotient.
An almost simple module is simple if and only if the top space is simple.
Let M¯ be a weight g¯⊕D ⊕K-module of level k. We define the induced
module
VM¯ := U(g) ⊗g¯[t]⊕K⊕D M¯.
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If M¯ is generated by a single element of M¯, then VM¯ is a relaxed highest
weight module and called a relaxed Verma module. The almost simple
quotient of VM¯ is denoted by LM¯.
Definition. A relaxed highest weight moduleM of Vk(g¯) has a cuspidal top
space if Zhu[M] is a cuspidal module.
When g¯ = A1, relaxed highest weight modules with cuspidal top spaces
are fundamental in [CR2].
6.2. Twisted localisation for g. Recall that S is the multiplicative subset
of U(g¯) generated by fβ1 , . . . , fβℓ . The set S is embedded in U(g). As in
Section 5.3, let us consider localisation S−1U(g) of the universal enveloping
algebra of g.
Let Λ be an element of P0,+. We set M = V0
Λ
or LΛ. Setting λ := Λ¯, we
see that the top space ofM is the g¯-module M¯ := V¯0
λ
, L¯λ, respectively.
We define localisation of S−1M as before. The module S−1M is non-zero
ifM = V0
Λ
or λ < P¯+. The twist of f x .S−1M¯ for x ∈ ℓ is also defined as in
Section 5.3. The twisted localisation Φ(M) ofM is similarly defined to be
Φ(M) =
⊕
x=(x1,...,xℓ)∈ℓ ,0≤Re(x1),...,Re(xℓ)<1
f x .S−1M.
The top space of Φ(M) is isomorphic to Φ(M¯). Let µ + Q¯ be an element of
h¯∗/Q¯. We set Φµ+Q¯(M) :=
⊕
ν∈µ+Q¯+kΛ0+δ Φ(M)(ν).
The following proposition is proved similarly as [M, Lemma 13.2].
Proposition 8. Φ(M) is generated by the top space Φ(M¯) as a g-module.
Now let us consider M = LΛ. We see that Φ(LΛ) is isomorphic to the
almost simple relaxed highest weight module L
Φ(L¯λ):
Φ(LΛ) ≃ LΦ(L¯λ ). (6.1)
For the completeness, we give proofs of Proposition 8 and (6.1) in Ap-
pendix A.1.
Let µ + Q¯ be an element of h¯∗/Q¯. Then Φµ+Q¯(LΛ) is isomorphic to the
almost simple relaxed highest weight module L
Φµ+Q¯(L¯λ) with a cuspidal top
space. Therefore, (a) in Theorem 1 follows from Corollary 7.
Let λ be an element of P¯0,+ \ P¯+. The following proposition is clear and
the proof is given in Appendix A.2.
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Proposition 9. The module L¯λ is a Zhu[Lk(g¯)]-module if and only if so is
Φ(L¯λ).
Thus, we have the following theorem by Lemma 3.
Theorem 10. Let Λ be an element of P
0,+
k
such that Λ¯ < P¯+. The Vk(g¯)-
module Φ(LΛ) is a Lk(g¯)-module if and only if so is LΛ.
Corollary 11. The list of all Φµ+Q¯(LΛ) with data
(a) Λ ∈ P0,+
k
such that Λ¯ < P¯+ and LΛ is a Lk(g¯)-module, and
(b) µ + Q¯ ∈ (h¯∗/Q¯) \ Sing(Λ¯)
is the complete list of simple relaxed highest weight modules with cuspidal
top spaces over Lk(g¯).
Thus, from now on, we will study Φ(LΛ) with Λ ∈ P0,+k .
6.3. Characters of relaxed highest weight modules. Let M be a weight
module over Vk(g¯). The string function ofM at λ ∈ h¯∗ is the q-series
sλ[M](q) =
∑
n∈
dimM(kΛ0 + λ − nδ )qn−c/24,
where c is the central charge of Vk(g¯) (3.4). The (full) character ofM is
ch[M](y,q, z) = yk
∑
λ∈h¯∗
sλ[M](q)zλ,
For a weight g¯-module M¯, we also define the character
ch[M¯](z) =
∑
λ∈h¯∗
dim M¯(λ)zλ .
Let Λ be an element of P0,+
k
and set λ = Λ¯. Recall the irreducible
finite-dimensional module H¯λ over g¯0 in Section 3.1 and Euler’s φ series
φ(q) = ∏∞n=1(1 − qn). The characters of the parabolic Verma modules V¯0λ
and V0
Λ
are given by
ch[V¯0λ](z) =
ch[H¯λ](z)
(1 − z−β1) · · · (1 − z−βℓ ) ,
ch[V0
Λ
](y,q, z) =
ykqhΛ−c/24ch[V¯0
λ
](z)
φ(q)ℓ ∏i≥1,α∈∆¯(1 − qizα ) ,
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where hΛ = Λ(−D). Therefore, setting β0 = β1 + · · · + βℓ , we see that the
following limiting string function exists and has the form
lim
n→−∞ sλ+nβ0[V
0
Λ
](q) = qhΛ−c/24
deg V¯0
λ
φ(q)dim g¯ . (6.2)
(Recall (5.1).)
Let M be a module in category O0
k
whose weight support as a g¯-module
lies in a single coset in h¯∗/Q¯ and let λ be a representative of the weight
support of M: supp(M) ⊂ λ + Q¯. By the existence of the limiting string
function of the parabolic Verma modules, we see that the following limiting
string function exists and does not depend on the choice of the representative
λ of supp(M):
s−∞[M](q) := lim
n→−∞ sλ+nβ0[M](q).
The following lemma is clear.
Lemma 12.
ch[Φ(M)](y,q, z) = yks−∞[M](q)
∑
µ∈Q¯
zµ .
Let Λ be an element of P0,+
k
. By (4.2), we have
s−∞[LΛ](q) =
∑
Ω∈P0,+
k
cΛ,Ωs−∞[V0Ω](q),
where the sum in the left-hand side is well-defined, which follows from the
linkage principle described in Section 4.2. Thus, we have the following
theorem.
Theorem 13. The character of Φ(LΛ) satisfies the formula
ch[Φ(LΛ)](y,q, z) =
∑
Ω∈P0,+
k
cΛ,Ωch[Φ(V0Ω)](y,q, z),
Wefinally give a character formula ofΦ(V0
Λ
)which follows fromLemma12
and (6.2).
Proposition 14.
ch[Φ(V0
Λ
)](y,q, z) = ykqhΛ−c/24
deg V¯0
λ
φ(q)dim g¯
∑
µ∈h¯∗
zµ ,
where λ := Λ¯ and hΛ := Λ(−D) is the minimal conformal weight of V0Λ.
In particular, Φµ+Q¯(V0Λ) is a relaxed Verma module for all µ ∈ h¯∗.
19
7. Minimal W-algebras of type A
In this Section, we recall representation theory of minimal W-algebras
and show a parabolic Kazhdan-Lusztig type formula.
7.1. Affine W-algebras. Let us consider the minimal nilpotent element
f = fαℓ of g¯ = Aℓ and a non-critical level k ∈ . Then the affine W-algebra
W k (g¯, fαℓ ) associated to the grading (3.1) is defined as follows [KRW,Ara11].
LetCl be the Clifford algebra generated by the odd vectors
ψβ (n) (β ∈ ±∆¯1,n ∈ )
subject to the relation
[ψα (m),ψβ (n)] = δα+β ,0δm+n,0 (α , β ∈ ±∆¯1,m,n ∈ ).
Here, [, ] denotes the supercommutator.
Let F be the irreducible representation over Cl generated by the vector 1
with
ψβ (n)1 = 0 (β ∈ ∆¯1, β + nδ is a positive root of g).
The module F is a vertex (super)algebra with the vacuum element 1 and
generating fields
ψβ (z) =
∑
n∈
ψβ (n)z−n−1, ψ−β (z) =
∑
n∈
ψ−β (n)z−n (β ∈ ∆¯1).
The vertex algebra F carries the charge grading F =
⊕
i∈ F
i , where
1 ∈ F0 and the operatorsψβ (n) andψ−β (n) with β ∈ ∆¯1 are homogeneous of
charges 1 and −1, respectively.
The tensor product vertex algebra
C = Vk(g¯) ⊗ F
carries the induced charge grading:
C =
⊕
i∈
C
i , Ci := Vk(g¯) ⊗ Fi .
Let χ¯ be the element of g¯∗ defined by χ¯ (v) = (f |v) (v ∈ g¯) and Q(z) the
odd field on C defined as follows:
Q(z) = Qst(z) + χ (z),
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where
Qst(z) =
∑
β∈∆¯1
Jβ (z)ψ−β (z) −
1
2
∑
α ,β ,γ∈∆¯1
c
γ
α ,β
ψ−α (z)ψ−β (z)ψγ (z),
χ (z) =
∑
β∈∆¯1
χ¯ (Jβ )ψ−β (z).
We see that Q2(0) = 0 and Q(0) is homogeneous of charge 1 with respect to
the charge grading on C. Therefore, we have a cochain complex (C•,Q(0))
on C.
We now define the universal affine W-algebraW k(g¯, fαℓ ) to be the zeroth
cohomology
W k(g¯, fαℓ ) = H0(C•,Q(0))
of (C•,Q(0)) with the induced vertex algebra structure from C. We have
the hamiltonian HW = −D + HF + ∂x on W k(g¯, fαℓ ), where HF is the
standard hamiltonian on F. The W-algebra is a VOA of central charge
[KRW, Theorem 2.2]
cW = dim(g¯0) −
1
2
dim(g¯1/2) −
12
k + h∨
|ρ¯ − (k + h∨)ωℓ |2
=
ℓ((ℓ2 − 12)k2 + ℓk + 10(ℓ + 1)2)
(k + ℓ + 1)(ℓ + 1) . (7.1)
7.2. Finite W-algebras and representation theory. The finite W-algebra
W fin(g¯, fαℓ ) is an associative algebra which may be constructed by quantum
hamiltonian reduction. The Zhu algebra of W k(g¯, fαℓ ) is isomorphic to
W fin(g¯, fαℓ ) [DSK].
In this Subsection, we recall representation theory ofW k(g¯, fαℓ ).
LetW fin(g¯, fαℓ )-mod denote the category of finite-dimensional represen-
tations overW fin(g¯, fαℓ ). Recall that we have the exact functor
HLie0 : O¯
0 −→W fin(g¯, fαℓ )-mod.
By [BK], we see that for λ ∈ P¯0,+,HLie
0
(L¯λ) , 0 if and only if 〈λ+ρ,α∨ℓ 〉 <
>0. By (3.3), we see that it is equivalent to λ < P¯
+. Along with other
results of [BK], we have the following theorem.
Theorem 15. The modules HLie
0
(L¯λ) with λ ∈ P¯0,+ \ P¯+ are the complete
list of finite-dimensional simple modules overW fin(g¯, fαℓ ). If λ ∈ P¯+, then
HLie
0
(L¯λ) is zero.
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Proof. The assertion follows from [BK] and a similar argument as in the
proof of Theorem 6.
Finally, by [BK, Lemma 8.16] and (5.1), we have the following dimension
formula of reduction of parabolic Verma modules.
Lemma 16. If λ ∈ P¯0,+, then dimHLie
0
(V¯0
λ
) = deg V¯0
λ
.
7.3. Representations of affine W-algebras. In this Subsection, we recall
representation theory of ordinarymodules overW k(g¯, fαℓ ) from [Ara11]. Let
W k (g¯, fαℓ )-mod denote the category of ordinary modules overW k(g¯, fαℓ ).
By the result of [Ara11], we have the exact functor (called the “−” reduc-
tion functor)
HBRST0 : O
0
k −→W k(g¯, fαℓ )-mod,
which sends a moduleM in categoryO0
k
to the zeroth cohomology ofM⊗F
with a certain differential. See also [AE] for the definition of the functor.
Let M be a highest weight module in O0
k
of highest weight Λ ∈ P0,+
k
. The
hamiltonian on HBRST
0
(M) is defined to be
HW = −D + HF −
k + h∨
2
|ωℓ |2 + (ωℓ |ρ¯)
(cf. [Ara11,AE]). In particular, we have
hW
Λ
= hΛ − k + h
∨
2
|ωℓ |2 + (ωℓ |ρ¯), (7.2)
where hW
Λ
and hΛ = Λ(−D) are minimal conformal weights of HBRST0 (M)
andM.
Remark. The equality (7.2) holds if we replace hW
Λ
and hΛ with the minimal
conformal weights of HBRST
0
(M) and M with respect to the zero-modes of
the conformal vectors ofW k(g¯, fαℓ ) and Vk(g¯). See, e.g., [AE, eq. (7.4)].
Note that ifM is a simpleVk(g¯)-module, thenZhu
[
HBRST
0
(M)] ≃ HLie
0
(Zhu[M]).
Let Λ be an element of P0,+
k
. The modules HBRST
0
(V0
Λ
) and HBRST
0
(LΛ)
are generated by their top spaces.
By using Theorem 15, we see that the collection of HBRST
0
(LΛ) with
Λ ∈ P0,+
k
such that Λ¯ < P¯+ is the complete list of simple ordinary modules
overW k (g¯, fαℓ ).
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7.4. Characters of ordinary modules. Let Λ be an element of P
0,+
k
. By
applying the exact functor HBRST
0
to (4.2), we see that
ch[HBRST0 (LΛ)](q) =
∑
Ω∈P0,+
k
cΛ,Ωch[HBRST0 (V0Ω)](q). (7.3)
The sum in the RHS is well-defined because of the linkage principle de-
scribed in Section 4.2.
Set λ = Λ¯ and by applying the BGG resolution to H¯λ over g¯0, we have
[H¯λ] =
∑
w∈W¯0
bλw [V¯0,w◦λ], bλid = 1, bλw ∈ , (7.4)
where W¯0 is the Weyl group of Aℓ−1 = [g0, g0] and V¯0,ω is the Verma
module over g¯0 of highest-weight ω ∈ h¯∗. By multiplying both sides by
U(g)⊗U (g¯≥0⊕g¯[t]t⊕K⊕D), we have
[V0
Λ
] =
∑
w∈W¯0
bλw[Vw◦Λ]. (7.5)
Using the Euler-Poincare principle and (7.5) to HBRST
0
(V0
Λ
) as in [KRW,
Ara11] and others, we see that
ch[HBRST0 (V0Λ)](q) = qh
W
Λ
−cW /24dimH
Lie
0
(V¯0
λ
)
φ(q)ℓ2 (λ := Λ¯). (7.6)
Note that by [Ara11], HBRST
0
(V0
Λ
) is generated by its top space, which is
isomorphic to HLie
0
(V¯0
λ
). Since W k (g¯, fαℓ ) has ℓ2 (= dim g¯ fαℓ ) free strong
generators, it follows from (7.6) that HBRST
0
(V0
Λ
) is freely generated by its
top space.
Combining (7.3)–(7.6) and Lemma 16, we have the following character
formula.
Theorem 17.
ch[HBRST0 (LΛ)](q) = qh
W
Λ
−cW /24
∑
Ω∈P0,+
k
cΛ,Ω deg V¯
0
ω
φ(q)ℓ2 ,
where ω := Ω¯.
Let η(q) = q1/24φ(q) denote the Dedekind eta series. Since dim g¯ = ℓ(ℓ +
2), by combining (3.4), (7.1)–(7.2), Theorems 13 and 17 and Proposition 14,
we have (c) in Theorem 1, which completes the proof of Theorem 1.
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8. Modular invariance of string functions
8.1. Proof of Theorem 2. When ℓ ≥ 2 and the level k is admissible,
the simple W-algebra Wk(g¯, fαℓ ) is rational if and only if g¯ = A2 and the
denominator of k is 2, which is studied in this section.
Let g¯ be of typeA2 and k an admissible level with denominator 2. Then k
has the form k + 3 = p/2 with an odd p ≥ 3. Let Admk ⊂ h∗k denote the set
of admissible weights of level k in the sense of Kac andWakimoto [KW88].
By the result of [Ara16], the simple modules over Lk(g¯) in category Ok
are precisely LΛ with Λ ∈ Admk . By Theorem 10, we see the following
theorem.
Theorem 18. The list of all Φµ+Q¯(LΛ) with Λ ∈ P0,+k ∩ Admk such that
Λ¯ < P¯
+ and µ + Q¯ ∈ (h¯∗/Q¯) \ Sing(Λ¯) is the complete list of simple relaxed
highest weight modules with cuspidal top spaces over Lk(g¯).
The simple W-algebraWk (g¯, fαℓ ) is rational and isomorphic to the simple
Bershadsky-Polyakov vertex algebra of levelk [Ara13]. The hamiltonians on
Wk(g¯, fαℓ )-modules are replaced by the zero mode of the conformal vector of
Wk(g¯, fαℓ ). SinceWk (g¯, fαℓ ) is rational, the q-characters of ordinary modules
ofWk(g¯, fαℓ ) have modular invariance property. By [AE, Theorem 8.6], we
see that the complete list of simple ordinary module overWk(g¯, fαℓ ) is given
by HBRST
0
(LΛ) with Λ ∈ P0,+k ∩ Admk such that Λ¯ < P¯+. Thus, Theorem 18
with the character formula in Theorem 1 implies the modular invariance
Theorem 2.
8.2. Creutzig-Ridout type modular invariance and future perspective.
Let g¯ be of type A1 and k admissible. In [CR2], a modular invariance
property of the full characters of certain (generically simple) relaxed high-
est weight modules with cuspidal top spaces (and their spectral flows) over
Lk(A1), called the standard modules, are proposed. For this purpose, mod-
ular invariance of string functions similar to Theorem 2 is essentially used.
The modular invariance of full characters is used to obtain a conjec-
tural standard Verlinde formula of standard modules over Lk(A1) in [CR2].
Crucially, non-negative integers are obtained from the standard Verlinde
formula and the numbers are expected to be (Grothendieck) fusion coef-
ficients among the standard modules over Lk(A1). When k = −4/3 and
k = −1/2, the fusion coefficients are explicitly computed by the so-called
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Nahm-Gaberdiel-Kausch algorithm and they are consistent with the ones
predicted from the standard Verlinde formula.
Note that the simple highest weight modules over Lk(A1) have (formal)
resolutions with respect to standard modules over Lk(A1) and they indeed
converge if k < 0. The (Grothendieck) fusion rules among simple highest
weight modules derived from the (formal) resolutions and conjectural fusion
rules among standard modules are also non-negative [CR2].
We expect that Theorem 2 should imply a modular invariance of the full
characters of relaxed highest weight modules with cuspidal top spaces over
Lk(A2) of admissible level k with denominator 2. We hope to come back to
this point in future works including [KRW].
We also hope to generalise the method proposed in this article to more
general gradings of simple Lie algebras and general relaxed highest weight
modules. Since there are many rational W-algebras associated to general
gradings (see, e.g., [AE]), it is expected that we havemanymodular invariant
string functions of relaxed highest weight modules.
Appendix A. Proofs
A.1. Almost simplicity of Φ(LΛ). In this Subsection, we prove Proposi-
tion 8 and (6.1). Set fi = fβi , 1 ≤ i ≤ ℓ.
Proof of Proposition 8. Letv be an element of Φ(M). Thenv is a finite sum
of the vectors of the form f x .(aw) with x ∈ ℓ, a ∈ U(g) and w ∈ M¯. It
suffices to show f x .(aw) ∈ U(g)Φ(M¯). Indeed,
f x .aw = (f xaf −x )f x .w
=
∞∑
j1,...,jℓ=0
(
x1
j1
)
· · ·
(
xℓ
jℓ
)
ad(f1)j1 · · · ad(fℓ)jℓ (a)f −jℓℓ · · · f
−j1
1
f x .w
and since f
−jℓ
ℓ
· · · f −j1
1
f x .w ∈ Φ(M¯), it follows that f x .aw ∈ U(g)Φ(M¯).
Proof of (6.1). By Proposition 8, we have surjective homomorphisms
V
Φ(L¯λ) −→ Φ(LΛ) −→ LΦ(L¯λ).
Let J be the sum of all g-submodules of Φ(LΛ) which have zero intersection
with the top space. Since Φ(J) has zero intersection with the top space again,
we have J = Φ(J). Let v an element of Φ(J). Then there is x ∈ ℓ such
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that f x .v ∈ LΛ. Since LΛ is simple, it follows that f x .v = 0, which implies
v = 0. Thus, we have proved (6.1).
A.2. Annihilators. In this Subsection,we showProposition 9. LetAnnU(g¯)(M¯λ)
denote the space of annihilators of a U(g¯)-module M¯.
Proposition 19. AnnU(g¯)(L¯λ) = AnnU(g¯)(S−1L¯λ)
Proof. Since L¯λ ⊂ S−1L¯λ, we have AnnU(g¯)(L¯λ) ⊃ AnnU(g¯)(S−1L¯λ). Now,
let a be an element of AnnU(g¯)(L¯λ) and v an element of S−1L¯λ. It suffices to
show av = 0. Setting д = f1 · · · fℓ , we have r ≥ 0 such that дrv ∈ L¯λ. By
ad-nilpotency of U(g¯), we have t ≥ 0 which satisfies ad(дr )t (a) = 0. Then
we have
дrtav = дr (t−1)ad(дr )(a)v + дr (t−1)aдrv = дr (t−1)ad(дr )(a)v
= · · · = ad(дr )t (a) = 0.
Since д acts injectively on S−1L¯λ, we have av = 0, as desired.
Lemma 20. Let M¯ be a S−1U(g¯)-module and x an element of ℓ. Then
AnnU(g¯)(M¯) = AnnU(g¯)(f x .M¯).
Proof. Since f −x . f x .M¯ ≃ M¯, it suffices to showAnnU(g¯)(M¯) ⊂ AnnU(g¯)(f x .M¯).
Let a be an element of AnnU(g¯)(M¯) and sx .v an element of f x .M¯withv ∈ M¯.
Then
af x .v = f x (f −xaf x )v
= f x .
∞∑
j1,...,jℓ=0
(
x1
j1
)
· · ·
(
xℓ
jℓ
)
ad(f1)j1 · · · ad(fℓ)jℓ (a)f −jℓℓ · · · s
−j1
1
v
= 0.
Thus, we have the assertion.
Combining Proposition 19 and Lemma 20, we have proved Proposition 9.
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